ABSTRACT. The object of this paper is a study of a Cauchy problem by Gaussian semigroups methods on the 2π-torus in the setting of homogeneous Banach spaces. The approach is similar to that in: [Butzer, P. L.-Berens, H. Semi-Groups of Operators and Approximation. Springer-Verlag, Berlin, 1967].
Introduction
Many problems, theorems and so on, in particular those where the methods of Fourier analysis may be applied to solve the Cauchy problem for the heat equation, are often stated in the setting that X be one of the Banach spaces C(0, 2π), C n (0, 2π), L p (0, 2π), 1 ≤ p ≤ ∞, M (0, 2π) and so on [1] . As for methods of Fourier analysis, the results obtained for the special spaces mentioned above may be very often extended for the so called homogeneous Banach spaces of functions and their dual spaces. Therefore many results in the theory of semigroups of operators obtained by means of Fourier analysis can be extended for the homogeneous Banach spaces, too.
The object of this paper is a study of a Cauchy problem by Gaussian semigroups methods on the 2π-torus in the setting of homogeneous Banach spaces. The approach is similar to that in [1] .
Homogeneous Banach spaces
Let T be the group of real numbers defined modulo 2π, T = R/2πZ, R -the reals, Z -the integers. Equivalently, T is [0, 2π] with 0 and 2π identified or simply the torus. All functions and integrals are taken over the torus T. The homogeneous Banach spaces over T are [2] - [7] by definition, the linear subspaces B(T) of L 1 (T) which are endowed with a norm B under which we have a Banach space such that
Examples of homogeneous Banach spaces [4] .
C(T)
-the space of all continuous 2π-periodic functions with the max norm.
3. C n (T) -the subspace of C(T) of all n-times continuously differentiable functions with the common norm.
L
(1) (T) -the Banach space of all functions f on T which are absolutely continuous with the common norm. Recall that a trigonometric polynomial on T is a function a = a(t) defined on T by
Denote by p(T) the set of all trigonometric polynomials on T.
Remarkº If B(T) is a homogeneous Banach space over T, then for every f ∈ B(T)
and n ∈ Z the function x →f (n)e inx belongs to B(T) [4, p. 6, Lemma 1.9 and p. 17, Ex. 13]. It follows that if the Fourier-Lebesgue coefficientf (n) of f is not zero, then the exponential x → e inx belongs to the space B(T) for this n ∈ Z. So we may say that the exponential x → e inx belongs to B(T) if there exists a function f ∈ B(T) such thatf (n) is not zero. With regard to this fact we will suppose, tacitly for the sake of simplicity, that B(T) is a homogeneous Banach space containing all exponentials x → e inx , n ∈ Z.
We may claim that trigonometric polynomials are dense in a homogeneous Banach space B(T), namely, we shall need the following result [4, Th. 2.12].
Ì ÓÖ Ñº Let B(T) be a homogeneous Banach space. For every f ∈ B(T) we have σ n (f ) → f for n → ∞, in the B(T)-norm.
Recall that the Fejér sums of the Fourier series of a function f are the trigonometric polynomials
A Cauchy problem for homogeneous Banach spaces
Let B = B(T) be a homogeneous Banach space of functions x → f (x) over T; for example one of the spaces
We are interested in a solution of the following Cauchy problem:
Let A be the operator defined by A =
where AC(T) denotes the space of all absolutely continuous functions over T.
The following characterization of domain of A is an extension for homogeneous Banach spaces over T of a characterization given in [1] the proof being similar but for completeness we give it here.
ÈÖÓÔÓ× Ø ÓÒ 1º Let B be a homogeneous Banach space over T. 
and 
holding for all x and any real t and properties of the homogeneous Banach space B imply that f n converges in norm for n → ∞, say to the element h, and then h and also f belong to AC(T) with f = h and h = g. It follows that A is closed.
Clearly p(T) is a subspace of D(A) and since p(T) is dense in B, we have immediately that D(A) is a dense subset of B. (b) If f ∈ D(A) then by integration by parts we obtain
[Af ]ˆ(k) = 1 2π
proving that D(A) is a subset of the set of elements defined in (1). Conversely, if f is a function in the set of (1) then we have for the Fejér means of the Fourier series
Since A is closed and since σ n (f ) → f and Aσ n (f ) = σ n (g) → g as n → ∞ in the norm of any homogeneous Banach space, it follows that f ∈ D(A) and Af = g.
ÈÖÓÔÓ× Ø ÓÒ 2º Let B be a homogeneous Banach space. The spectrum of A is given by the point spectrum
P σ (A) = {λ; λ = −k 2 , k = 0, ±1, ±2, . . . }.
Also the resolvent set
(2)
Moreover, for positive λ, R(λ, A) has the representation
R(λ; A)f (x) = 1 2π 2π 0 f (u)r(λ; x − u) du (3)
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with kernel
and R(λ; A) = 1 λ .
P r o o f. By part (b) of the foregoing proposition the homogeneous equation λf − Af = 0 is equivalent to
Thus λ belongs to the point spectrum P σ (A) if and only if λ = −k 2 and the eigenvectors corresponding to the eigenvalue −k 2 are given by e ikx and e −ikx .
Consequently, for all λ = −k 2 , k integer, the operator λI − A has a unique inverse. Therefore, we obtain for an f ∈ D(A) from λf − Af = g, or equivalently from
Since the range R(λI − A) contains the trigonometric polynomials, it is a dense subset of B and the representation of (λI − A) −1 given in the latter equation shows that its norm is bounded. Thus, according to the definition of the resolvent, λ belongs to ρ(A) and the resolvent R(λ; A) is given by (2) .
It remains to prove the special representation of R(λ; A) for positive λ. Since the trigonometric series
is uniformly convergent for a fixed λ, it is the Fourier series of a function in C(T). This function is given by r(λ; x) defined in (4), its Fourier coefficientsr(λ; k)
ikx which proves (3) . Since the kernel r(λ; ·) of the convolution integral is nonnegative, we have
The norm is in fact equal to 1/λ as the particular function f (x) = 1, for all x, shows. 
the kernel ϑ 3 (·; t) being the so-called Jacobi theta function
Further, W (t), 0 ≤ t < ∞, forms a holomorphic semigroup. 
